Recently, the nonperturbative quantization scheme of loop quantum gravity has been extended to the Brans-Dicke theory and the corresponding loop quantum Brans-Dicke cosmology has been derived, which provides an essential platform to explore inflationary models in this framework. In this paper, we consider two inflation models, the Starobinsky and α-attractor inflation whose cosmological predictions are in excellent agreement with Planck data, and study systematically their pre-inflationary dynamics as well as the slow-roll inflation. We show that for both models, the background evolution of a flat Friedmann-Lemaître-Robertson-Walker universe in general can be divided into three different phases: the pre-inflationary quantum phase, quantum-to-classical transition, and the slow-roll inflation. The pre-inflationary dynamics are dominated by the quantum geometry effects of loop quantum Brans-Dick cosmology and the corresponding Universe could be either initially expanding or contracting, depending on the initial velocity of inflaton field. It is shown that the detailed evolution of pre-inflationary quantum phase also depend on specific inflation models. After the pre-inflationary quantum phase, the universe gradually evolves into the slow-roll inflation with some of initial conditions for Starobinsky and α-attractor potentials. In addition, to be consistent with observational data, we also find the restricted parameter space of initial conditions that could produce at least 60 e-folds during the slow-roll inflation.
I. INTRODUCTION
The paradigm of cosmic inflation provides perhaps the most compelling picture of the universe at the early stages of its history. It has achieved remarkable successes not only in solving several problems of the standard big bang cosmology, but most importantly in predicting the primordial perturbations spectra whose evolutions explain both the formation of the large scale structure of the universe and the tiny anisotropies in the cosmic microwave background (CMB) [1] [2] [3] . All these predictions are all matched to cosmological observational data with high precisions [4] [5] [6] [7] . In general, there are a lot of approaches to realize the inflation that originate from very different background physics. A common trait of many inflationary models is that they involve scalar degrees of freedom with a self-interacting potential that gives rise to a slow-roll phase during which the energy density of the matter field remains nearly constant and the spacetime behaves like a quasi-de Sitter spacetime. Recently, cosmological and astrophysical data show that for single field inflationary models, predictions of the Starobinsky and α-attractor inflation with a small value of α are favored over others [5] . The Starobinsky inflation is based on the account of R 2 -term as the correction in the Einstein equations [3] , which emerges in the Planck epoch and plays a fundamental role in the high curvature limit, when the early-time acceleration takes place. The α-attractor inflation can be in general considered as extensions of the Starobinsky inflation from α = 1 to * zhut05@zjut.edu.cn α = 1 [8, 9] . Such theories are conformally equivalent to a scalar-tensor theory in the Einstein frame, where the inflaton drives the expansion in a quasi-de Sitter spacetime and slowly moves to the end of inflation [10, 11] . As expected, their perfect agreement with Planck data has renewed interest in these models.
However, inflationary theory itself is very sensitive to physics at Planck scales, due to the fact that the energy scale of inflation may not be far from that of quantum gravity [12, 13] . Because of this, the underlying quantum field theory and classical general relativity (GR) on classical spacetime becomes unreliable for a large class of inflationary models. In addition, insisting on the use of classical GR to describe the inflationary process will inevitably lead to an initial singularity [14, 15] . All these issues are closely related to the regime where classical GR is known to break down, and one expects a quantum theory of gravity will provide a completed description of inflation as well as its pre-inflationary dynamics.
To address these issues, Loop quantum cosmology (LQC) provides a natural framework, in which the standard inflationary scenarios can be extended from the onset of the slow-roll inflation back to the Planck era in a self-consistent way. In such a picture, the big bang singularity is replaced by a finite nonzero universe, the quantum bounce, which eventually evolves to the desired slowroll inflation with very high possibilities [16] [17] [18] [19] [20] . Such remarkable features of the quantum bounce have attracted a great deal of attentions lately, in which the universe dominated by a scalar field for different scalar field potentials have been widely explored [18, 19, [21] [22] [23] [24] [25] [26] [27] . In addition, the effects of quantum bounce on primordial perturbations spectra and their observational constraints have arXiv:1808.09643v1 [gr-qc] 29 Aug 2018 also been discussed extensively (see [19, 26-29, 31, 32] and references therein).
Since the Starobinsky and α-attractor inflation models are favored by Planck data, an essential question arising in the framework of LQC is to check if the slow-roll inflation for the Starobinsky and α-attractor models can still occur after the quantum bounce at the Planck era. In fact, both the dynamics of background and cosmological perturbations of Starobinsky inflation model have been already studied in the framework of LQC of GR [19, 33] . One of main conclusions of these studies is that following the quantum bounce in LQC of GR, a desired slow-roll inflation phase is almost inevitable and the imprints of quantum bounce on primordial perturbation spectra and non-Gaussianities can be well within observational constraints [19, [28] [29] [30] .
However, as mentioned in [19] , most of the above mentioned studies about Starobinsky inflation are limited to the effective dynamics obtained from the loop quantization in the Einstein frame. In this frame, the original theory of Starobinsky inflation and its extensions (α-attractors) in the Jordan frame have been transformed into the Einstein frame by using a conformal transformation, so that the slow-roll inflation can be driven by a scalar field with the specific potentials in the framework of GR. Classically this is correct because the descriptions of the slow-roll inflation in both frames are equivalent. However, whether this is also true or not in LQC is still an open question. According to [34] , in general the Einstein and Jordan frames are non longer equivalent at the quantum level. Thus, it is interesting to explore the inflation directly with the effective dynamics obtained from the loop quantization directly in the Jordan frame, based on the quantization proposed in [35] [36] [37] [38] [39] .
In general, both the theories of Starobinsky and α-attractor inflation can be casted into the form of specific types of Brans-Dick (BD) theory in the Jordan frame [10, 11] . Recently, the nonperturbative quantization scheme of LQG has been successfully extended to the BD theory [35, 36] . The corresponding effective equations of cosmological model for loop quantum BD cosmology have been derived [36] based on the loop quantization procedure in the Jordan frame. These effective equations thus provide a very essential platform to study the Starobinbsky and α-attractor inflation in the framework of loop quantum BD cosmology.
To this purpose, in this paper we study the Starobinsky and α-attractor inflation as well as their pre-inflationary dynamics in the framework of loop quantum BD cosmology. Because the quantization in different frames may give different results, we expect loop quantum BD cosmology may provide some distinguishing description about the background evolutions of Starobinsky and α-attractor inflation from those in LQC of GR in the Einstein frame. Since most of studies and results about Starobinsky and α-attractor inflation are considered in the Einstein frame, here in order to compare our results with theirs, in this paper we shall focus on quantities of background evolution in loop quantum BD cosmology (in Jordan frame) by writing them in terms of those in LQC of GR (in Einstein frame). With this strategy, we show that the evolution of the background in general can be divided into three phases: the pre-inflationary quantum phase, quantum-to-classical transition, and the slow-roll inflation. For pre-inflationary quantum phase, we shall observe that the Universe starts at a finite nonzero Universe which could be either contracting or expanding depending on the initial velocity of scalar field χ. For slow-roll inflation, we also show the parameter space that could leads to at least 60 e-folds during the slow-roll inflation.
This paper is origanized as follows. In Sec. II, we give an introduction of the classical dynamics of slowroll inflation in BD theory and in particular focus on the Starobinsky and α-attarctor inflation as well as their observational constraints. In Sec. III, we present the effective equations about the background evolution in loop quantum Brans-Dick cosmology and then transform them in terms of quantities in the Einstein frame. Based on these effective equations, in Sec. IV we turn to study the background evolution by using numerical calculations in details for both Starobinsky and α-attractor inflation. Our main conclusions and discussions are presented in Sec. V.
II. CLASSICAL DYNAMICS OF SLOW-ROLL INFLATION IN BRANS-DICK THEORY
A. Brabs-Dick theory in Jordan frame
The action of four dimensional BD theory is given by [40] 
where g is the determinant of the spacetime metric g µν , R is the four dimensional Ricci scalar, φ is the BD scalar field, ω BD is the BD parameter which is a dimensionless constant,
, and V (φ) represents the potential of the scalar field φ. Note that the gravitational constant 8πG = M −2
Pl with M Pl and m Pl being the reduced Planck and Planck mass respectively. We note that in contrary to the original BD theory, we introduced the field potential V (φ).
The f (R) theory of gravity with the action
is related to the BD theory by the following correspondence
Then the Starobinsky inflation with action [3]
is a special case of the Bans-Dick theory with
In the Jordan frame, we consider the spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) universe, for which the metric takes the form
where a(t) is the scale factor of the Universe and t is the cosmic time in the Jordan frame. The dynamics of the universe can be derived from the action (2.1), which is governed by the modified Friedmann and Klein-Gordon equations, i.e.,
3M
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where H ≡ȧ/a denotes the Hubble parameter, β ≡ 2ω BD + 3, and ρ φ ≡ β 4φ 2 + φV (φ)/M Pl is the effective energy density of the BD scalar field.
B. Starobinsky inflation and α-attractors in Einstein frame
Under the conformal transformation
the action (2.1) can be recasted to the one with a minimally coupled scalar field χ in the Einstein frame. The transformed action is given by
where a hat represents the quantities in the Einstein frame, and one can identify
For Starobinsky inflation, it corresponds to the scalar field χ and the corresponding Starobinsky potential U (χ) as
The Starobinsky potential U (χ) with β = 3 can be extended to β = 3, which corresponds to a subclass of the E-type α-attractor inflation models [8, 9] . Now let us turn to consider the dynamics of a spatially flat FLRW universe in the Einstein frame,
withâ(t) being the scale factor of the universe andt is the cosmic time in Einstein frame. The dynamics of the background cosmology can be derived from the action (2.12), which is governed bŷ
To study the slow-roll inflation, it is convenient to introduce the two slow-roll conditions 1 2χ
Then the Friedmann and Klein-Gordon equations become
With these two approximate equations, the e-folds during the slow-roll inflation reads
To describe the evolution of the slow-roll background, we introduce the Hubble slow-roll parameter H and potential slow-roll parameter U as,
During the slow-roll inflation, up to the leading-order in the slow-roll approximation, we have
For the Starobinksy (β = 3) and α-attractor (β = 3) inflation, the potential of the scalar field is given by (2.16), from which one obtains 30) and
Then at the end of the slow-roll inflation, U 1 yields
To produce at least 60 e-folds during the slow-roll inflation (i.e. N inf = 60), we have
with c being given by 34) and W −1 (x) denoting the Lambert W function. The inflationary observables of Starobinsky and α-attractor inflation are given by
where n s is the spectral index of the inflationary scalar power spectrum and r is the ratio between the tensor and scalar spectra. Then the Planck 2018 data together with the BICEP2/Keck Array 2014 data set tight constraint on β [5] ,
C. Equivalence between Einstein and Jordan frames
At the classical level, both the Einstein and Jordon frames can be equivalently transformed to each other. According to the conformal transformation, one can establish relationships between the quantities in both frames,â
With the above identifications, one can easily verify that the dynamics of the BD cosmology in both Einstein and Jordan frame are equivalent to each other.
III. EFFECTIVE EQUATIONS IN LOOP QUANTUM BRANS-DICK COSMOLOGY
Loop quantum gravity (LQG) provides a background independent way to quantize GR, which has been widely investigated in the past 30 years [41] [42] [43] . In the framework of LQG, it is remarkable that GR can be nonperturbatively quantized by the loop quantization procedure. Recently, this promising loop quantization has been extended to theories of modified gravity, for examples, BD theory [35, 36] , metric f (R) theories [37, 38] , and scalar-tensor theories [39] . Applying the physical ideas and mathematical tools underlying LQG, LQC is proposed, which represents a symmetry-reduced model of LQG by quantizing the FLRW background spacetime with the loop quantization procedures (for review of LQC see [44, 45] and references therein).
For BD cosmology, the effective dynamics is derived in the framework of LQC in Refs. [34, 46] , in which the effective equations of both the Friedmann and Klein-Gordon equations for the background cosmology with the BD scalar field φ are given by
It is obvious to see that the effective energy density of the BD field ρ φ now has a maximum value ρ c . When ρ φ approaches this maximum value, the Hubble parameter H in the Jordan frame approaches zero, which implies a quantum bounce occurs at this point in the Jordan frame. As a result, the past singularity arising in the classical BD universe in the Jordan frame is cured by the quantum bounce. When ρ φ ρ c , the above equations reduce to the classical version in the classical BD theory.
Note that our purpose is to study Starobinsky and α-attractor inflation in quantum BD cosmology. Since most of studies and results about this two inflation models are considered in the Einstein frame, here in order to compare our results with theirs, we shall focus on quantities in terms of variables such asĤ and χ in the Einstein frame. By this treatment, we consider the Einstein frame as the physical frame. In the Einstein frame, By using the relations in Eqs. (2.38 -2.41), one obtainŝ
and
where
We note that Eqs. (3.2) and (3.3) obtain the classical limit for r χ 1, which is described by Eqs. (2.19) and (2.20) . Unlike in LQC of GR that the energy densityρ χ has a maximum value ρ c , now it is restricted to r χ ≤ 1, (3.5) which leads to
It is worth pointing out that the description of the dynamics by using the quantities in the physical Einstein frame is very different from that in the Jordan frame. As mentioned, the quantum bounce in the Jordan frame defined by H = 0 appears for ρ φ = ρ c , while at this moment we have r χ = ρ φ /ρ c = 1 in the physical Einstein frame and Eq.(3.2) givesĤ 2 =χ 2 2βM 2 Pl = 0. The quantum bounce in the physical Einstein frame is defined bŷ H = 0 and can be obtained by solving Eqs. (3.2) and (3.3) as we shown later in the next section. This implies the corresponding starting point of Universe is not at the bounce point, but instead by a finite Universe which is either expanding or contracting. This definitely provides another resolution of the initial singularity and its novel properties are still waiting for exploring.
IV. NUMERICAL ANALYSIS FOR THE BACKGROUND EVOLUTION OF STAROBINSKY AND α-ATTRACTOR INFLATION
In this section, we start to study the evolution of the Universe in the framework of loop quantum BD cosmology by obtaining the solutions of Eqs. (3.2) and (3.3). These equations can be solved numerically by imposing initial conditions forâ(t), χ(t), andχ(t) at a specific time. A convenient choice of such a point is at the timê t 0 when r χ = 1, at which we have the two relations 1 2χ
For the sake of simplicity, we rescaleâ(t) by settinĝ a(t 0 ) = 1 att =t 0 . Once the potential U (χ) is specified, we can obtainχ 0 in terms of χ 0 and ρ c by using the first relation for bothχ 0 > 0 andχ 0 < 0 respectively. In this sense, we only need to specify the value of χ 0 and the sign ofχ 0 as initial conditions. In addition, the first relation in the above also restricts χ 0 to the range of (−∞, χ max ), where χ max can be obtained from
In Table. I, we present several values of χ max by several sets of values for β and M we used in the numerical calculations.
From the second relation, we observe that the universe is not at the bounce initially sinceĤ 0 = 0. Depending on the sign ofχ 0 , the Universe could be either expanding or contracting at the initial time. Since at this moment there is a quantum bounce in the description in the Jordan frame, i.e., H = 0, from Eq. (2.38) we see that the sign ofĤ 0 is the same asφ 0 , which also has the same sign asχ 0 according to (2.39) . Therefore, at the initial time, the Universe is expanding ifχ 0 > 0 and contracting whenχ 0 < 0. Then we havê
In order to do the numerical calculation, we also need to specify the values of β and M . In fact, for each value of β within the constraint given by (2.36) , the values of M can be determined by using the most recent released Planck 2018 data [5] . We present the values of M for β = 1, 3, 5, 10, 20 in Table. I.
In the following subsections, we shall study the evolution of the background for potential U (χ) in (2.16) for several different values of β respectively.
A. Starobinsky potential
Let us first consider the Starobinsky inflation in the framework of loop quantum BD cosmology, which corresponds to β = 3. The Starobinsky inflation in LQC of GR has been discussed in [19, 33] , in which both the dynamics of background and cosmological perturbations of Starobinsky inflation model have been extensivelly studied. One of main conclusions of these studies is that following the quantum bounce in LQC of GR, a desired slow-roll inflation phase is almost inevitable and the imprints of quantum bounce on primordial perturbation spectra and non-Gaussianities can be well within observational constraints [19] . However, in loop quantum BD cosmology, as we mentioned, the Universe is not starting at the bounce. Thus it is interesting to explore the dynamics of the Starobinsky inflation in the framework of loop quantum BD cosmology and compare their differences with that in LQC of GR.
At the initial time, the Universe is expanding when the initial velocity is positive (χ 0 > 0) and contracting if it is negative (χ 0 < 0). Thus our numerical analysis shall consider these two cases separately by paying particular attention to two important issues, namely how likely the occurrence of the slow-roll inflation is, and whether enough e-folds can be generated during the slow-roll inflation.
Forχ 0 > 0, the results of the background evolution are illustrated in Fig. 1 . For the evolution of the scale factor (shown in the Top panel of Fig. 1) , it is shown clearly that the Universe is initial expanding from a finite Universe att 0 . During this expanding phase, the velocityχ is decreasing so is the Hubble parameterĤ. Therefore the expanding of Universe slows down until the Universe reaches its local maximum value and then collapses into a contracting phase. This picture is dramatically different from that in LQC of GR where the Universe is at the expanding phase right after the quantum bounce. After the contracting phase, the Hubble parameter again approaches zero and the bounce occurs, finally the Universe enters into the expanding phase (hereafter we uset B to denote the bounce point). During this preinflationary quantum phase, it is shown in the middle panel of Fig. 1 that the quantity r χ is very close to unity. This means that the quantum geometry effects of loop quantum BD cosmology are dominated over this phase. the above phase and that in LQC of GR originate essentially from the loop quantization in the two different frames. Right after the bounce pointt B , the quantity r χ quickly decreases to zero and therefore the Universe soon enters into the classical regime in which the quantum geometry effects are negligible and the evolution of the Universe follows equations in the classical BD cosmology. Now an essential question is whether the slow-roll inflation occurs after the above mentioned quantum processes. From the bottom panel of Fig. 1 , we see clearly that the slow-roll parameterˆ H reduces quickly to a very small value (ˆ H 1) after the quantum gravity regime. This phase exactly represents the slow-roll inflation and the scale factorâ(t) is exponentially growing, as shown in the first panel of Fig. 1 . Further numerical analysis for more initial conditions show that the corresponding efolds produced during the slow-roll inflation is sufficient to be larger than 60 for any values of χ 0 in the range of (−∞, χ max ), as shown in Table. II. In Table. II, we also present the results from the numerical analysis for different values of χ 0 forχ 0 > 0. Forχ 0 < 0, in contrast to the case ofχ 0 > 0, the Universe is initially contracting. The background evolutions for a set of initial conditions withχ 0 < 0 is illustrated in Fig. 2 and Table. II, in which the scale factorâ(t), r χ , and the slow-roll parameterˆ H are all obtained numerically. It is shown from the top panel of Fig. 2 that after the initial contracting phase dominated by the quantum geometry effects, the universe bounces to the expanding phase, during which the Universe eventually evolves into the slow-roll inflation. The corresponding e-folds N inf during the slow-roll inflation as a function of χ 0 is presented in Fig. 3 . In order to produce sufficient 60 e-folds during the slow-roll inflation, it is shown clearly that one has to require
Another property of N inf is that it increases as the value of χ 0 increases until it reaches a maximum value when χ 0 approaches its up bound.
Here we would like to provide a brief summary about the background evolution of Starobinsky inflation. We find for both the initial positive and negative velocity, the evolution of the background can be in general divided into three different phases: the pre-inflationary quantum phase, quantum-to-classical transition, and slow-roll inflationary phase. During pre-inflationary quantum phase, the evolution of the background is dominated by the quantum effects of the loop quantum BD cosmology because r χ 1. It is shown that the quantum bounce occurs no matter the Universe is initially expanding (foṙ χ 0 > 0) or contracting (forχ 0 < 0). For initial expanding Universe (χ 0 > 0), the University shall first collapse to a contracting phase, and then bounce to a expanding phase, while for initial contracting Universe (χ 0 < 0), the Universe shall directly evolve to the expanding phase through the quantum bounce. For the quantum-to-classical transition, the quantity r χ suddenly decreases from r χ 1 to r χ 0. Since r χ denotes the ratio between the energy density of BD field and ρ c , this phase represents the intermediate region between the quantum and classical cosmology. Following this transition phase is the slow-roll inflationary phase and it is shown that for χ 0 in restricted ranges the slow-roll inflation can lead to sufficient 60 e-folds. 
B. α-attractor inflation
In this subsection, we begin to consider the α-attractor inflation (β = 3) and focus on several cases of β = 1, 5, 10, 20.
β = 1
For β = 1, the results of the background evolutions are illustrated withχ 0 > 0 andχ 0 < 0, respectively, in Figs. 4 and 5, in which the scale factorâ(t) , r χ and the slow-roll parameterˆ H are all obtained numerically. The behaviors of these solutions are very similar to the Starobinsky inflation. For those initial conditions that are able to realize the slow-roll inflation, the evolution of the universe can be divided into three phases: the preinflationary quantum phase, quantum-to-classcial transition, and the slow-roll inflationary phase. From Figs. 4 and 5, one can see that the behaviors of pre-inflationary quantum phase are almost the same as those of the Starobinsky inflation. For the slow-roll inflationary phase, let us first discuss the case ofχ 0 > 0. The numerical results for several initial conditions withχ 0 > 0 are presented in Table. III. We find that the desired slow-roll inflation can be produced for any values of χ 0 in the range χ 0 ∈ (−∞, 1.39m Pl ).
(4.7)
Forχ 0 < 0, the e-folds N inf during the slow-roll inflation as a function of χ 0 is illustrated in Fig. 6 , from which we can see that, in order to produce at least 60 e-folds during slow-roll inflation, the initial conditions have to be restricted to
2. β = 5, 10 and 20
For β = 5, 10, 20, the background evolutions for a set of initial conditions withχ 0 < 0 andχ 0 > 0 are illustrated, respectively, in Fig. 7 and 8 . In both figures, all the three cases (β = 5, 10, 20) are presented and the scale factorâ(t) , r χ and the slow-roll parameterˆ H are all obtained numerically. From these figures, similar to cases of β = 1 and β = 3, the evolution again can be divided into three phases, the pre-inflationary quantum phase, quantum-to-classical transition, and the slowroll inflationary phase. For the pre-inflationary quantum phase, an important feature is that a quantum bounce always occurs for negative initial velocity (χ 0 < 0), while it does not exist after the initial timet 0 for positive initial velocity (χ 0 > 0) which is in contrast to cases of β = 1 and β = 3. We also find that during the slow-roll inflation, the scalar field always rolls down the right side of the minimum of the potential (which is the flat side of the potential, as the slow-roll parameter U ∼ (U χ /U ) 2 is required to be very small, U 1) no matter whether the initial velocity (χ 0 ) is positive or negative. The numerical results of the background evolution for various initial conditions are also presented respectively in Table. III foṙ χ 0 > 0 and Table. IV forχ 0 < 0.
Finally, for each cases (β = 5, 10, 20) , to obtain at least 60 e-folds during the slow-roll inflationary phase, the values of χ 0 have to be restricted to the ranges given as follows: for β = 5 one finds
for β = 10 we have 10) and for β = 20,
Within the above ranges, the e-folds N inf increases as the value of χ 0 increases, as shown in Table. III and IV.
V. CONCLUSION AND DISCUSSION
In this paper we have provided a detailed numerical study of the Starobinsky and α-attractor inflation as well as their pre-inflationary dynamics in the framework of loop quantum BD cosmology. We show that for both the Starobinsky and α-attractor inflation, the evolution of the background Universe can be in general divided into three different phases: pre-inflationary quantum phase, quantum-to-classical transition, and slow-roll inflation. During the pre-inflationary quantum phase, the background evolution is dominated by the quantum geometry effects of loop quantum BD cosmology. Unlike the background evolution in LQC of GR where the preinflationary dynamics represents an expanding Universe started at the quantum bounce [19] , the pre-inflationary dynamics is very complicated and depends on initial conditions and specific models. Generally, the Universe is initially expanding if the initial velocity of the scalar field χ is positive (χ 0 > 0) and is contracting if it is negative (χ 0 < 0). For Starobinky inflaton(β = 3) and α-attractor inflation with β = 1, the initial expanding Universe shall collapse to a contracting phase before it evolves into the final expanding phase through the quantum bounce, while initial contracting Universe directly connects to the expanding phase through the quantum bounce. For α-attractor inflation with β = 5, 10, 20, we show that the quantum bounce does not exist after the initial timet 0 for the initial expanding Universe. Whether a quantum bounce would appear before the chosen initial timet 0 deserve further investigating. This issue concerns whether the effective equations are still valid for extremely high energy near to the classical singularity and thus is out of the scope of this paper. For initial contracting Universe, the evolution of the background is almost the same as that in models of Starobinsky inflation (β = 3) and α-attractor inflation with β = 1. After the pre-inflationary quantum phase, the universe gradually evolves into the expanding Universe. For some of initial conditions in the parameter space, we show that the slow-roll inflation for both the Starobinsky and α-attractor models are produced. In addition, to be consistent with observational data, we also derive the range of initial conditions that could produce at least 60 e-folds during the slow-roll inflation. 
